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Quasi-Metric Space and Fixed Point Theorems

G. Rano and T. Bag

Abstract—We introduce here the notions of Cauchy-ness and
convergence of sequences, open-ness and closed-ness of sets in
quasi-metric space and established some basic theorems like
Cantor’s and Baire’s in complete quasi-metric spaces(QMS). The
definitions of different kinds of contracting mappings are given
and finally we able to prove some most important fixed point
theorems of functional analysis such as Banach, Kannan and
Caristi in this setting. Uniqueness of these theorems are studied.

Index Terms—Quasi-metric space, Cantor’s intersection theo-
rem, Baire’s category theorem, Fixed points.

MSC 2010 Codes — 46540, 47H10, 54H25.

I. INTRODUCTION

T is well known that metric and norm structures play

pivotal role in functional analysis. So in order to develop
functional analysis one has to take care of the suitable gen-
eralization of these structures. Historically, the problem of
generalization of the metric structure came first.
Different authors introduced ideas of quasi-metric space
[1], generalized metric space([2], [3]), generalized quasi-
metric space [4], dislocated metric space [5], fuzzy metric
space([6], [7], [8]), statistical metric space [9], two metric
space [10] etc.
In this paper, we introduce few well known sequential concepts
in QMS and established some basic theorems like Cantor’s
intersection theorem and a category theorem of Baire’s in
complete QMS. The definitions of different kinds of contrac-
tion mapping are given here and established some fixed point
theorem with uniqueness. Straightforward proofs are omitted
throughout this manuscript.

We organize this manuscript in the following manner:
Section II comprises of some preliminary definitions and
properties. We established some basic theorems like Cantor’s
and Baire’s in section III. Section IV consist of a few fixed
point theorems including a discussion of uniqueness.

II. SOME PRELIMINARY RESULTS.

This section of the paper consist of a collection of prelim-
inary definitions and ideas related to quasi-metric spaces.
Definition 2.1 Consider a nonempty set X and a mapping
pq + X — [0, oo). Then pq is called a quasi-metric on X
if it satisfies the following three conditions:
QM) py(z, y) =0 iff x =y;
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(QM2) py(z, y) = pe(y, =) Vo, y € X;
(QM3) 3 K > 1 such that
pq(x, y) < K{pg(x, 2) +pg(2, y)} forallz, y, z € X.
The order pair (X, p,) is said to be a quasi-metric space
(QMS). The least value of the constant K satisfying (QM3)
is known as the index of the quasi-metric p,.

The space (X, pg) is consider as a strong QMS if it
satisfies the additional condition (QM4) given by:
QM4): 4 K > 1 sugh that

p—

Pa(Tmy Tmp) < K{Z Pq(Tmtis Tmrit1)} VTmyi € X,

Note 21 If K =1 tlhé% the quasi-metric p, is reduced to a
metric and obviously (X, p,) to a metric space.

Note 2.2 Every metric space is a QMS but not on the
contrary, which is illustrated by an example given by 2.1.

Example 2.1 Let us consider X = R2 Take z =
(x1, 22), y = (y1, y2) € X and then we define

pa(z, y) = (V]z1 — yil + Vw2 — ya2])* .

Then (X, p,) is a QMS without having a metric space.
Proof. First we shall show p, is a quasi-metric on X.
Conditions (QM1) and (QM2) are directly followed from
definition. For (QM3), it is not difficult to show that
pq(x, 2) < 2{ pg(x, y) + pq(y, 2)}.
So (X, p,) is a QMS.
Next we must now show that (X, p,) is not a metric space.
Take z = (1, 0), y = (0, 0) and z = (0, 1) then
pq(®, y) =1, pely, 2) =1and pg(z, 2) =4.
So pg(x, 2) > pg(x, y) + pq(y, 2).
Hence p, is not a metric i.e. the space (X, p,) is not a metric
space.
Note 2.3 Example 2.1 illustrate that (X, p,;) a QMS with
quasi index K = 2.
Example 2.2 Suppose that X = R?. For z = (21, 72), y =
(y1, y2) € X define

po(z, y) = (lz1 — 1| + |z2 — 92])? -

Then (X, p,) is a QMS having quasi-index & = 3 but not a
metric space.

Example
(.1'17 T2y «ue.

23 Consider X = R" For =z =
s Tn)y Y= (Y1, Y2y coreeenn , Yn) € X define

n
palTs y) =Y lw —yil*
=1

Then (X, p,) is a QMS but not a metric space.
Proof. First we shall prove that (X, p,) is a QMS.

Conditions (QM1) and (QM2) are immediately
followed. For (QM3), let x = (x1, X2, ....... , Xn)y Y =
(Y1, Y2y wveeene y Yn)s 2= (21, 22, weeenn , zn) € X

in R" then 2{ pg(z, y) + pqy, 2)}:
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n n
= 2{2 i — il + Z lyi — zil*};
ni:l i=1

= Z 2{|zi — yil® + v — [}
= n

2 Z (i — i +yi — 21)° :Z|$i—zi|2=/)q(3«"a z).

i=1 i=1
Next we shall see (X, p,) is not a metric space.

Take particular points = (1, 0, 0, ........ , 0, 1), y =
0, 0, ,0, wccovn... ,0, )and z = (—1, 0, 0, ........ , 0, 0)
in X then

po(T, y) =1, pely, z) =2, pq(z, 2) =5.
So pg(x, 2) > pg(x, y) + pqly, 2).
Therefore the condition of the example is satisfied.
Definition 2.2 In a QMS (X, p,),
(i) A sequence {z,}°>; C X is said
(a) to converge to z € X denoted by li_)m Ty = x if
ILm Pq(@n, x) =0; o
?b) Otoo be a Cauchy sequence if . lilrg P (T, Tm)=0;
(ii) A subset B C X is said to be complete if every Cauchy
sequence in B converges in B;
(iii) A subset A of X is called be bounded if there exists a
real number M > 0 such that p,(z, y) < M Vz, ye A
(iv) A subset A of X is said to be closed if for any sequence
{z,} of points of A with le T, = x implies z € A;
(v) A set A in X is said t0 be compact if for any sequence
{z,} of points of A has a convergent subsequence which
converges to a point in A.
Proposition 2.1 Suppose (X, p,) is a QMS.
(a) The limit of a sequence {z,} in X if exists is unique;
(b) The subsequences of a convergent sequence are also
convergent and converges to the limit of the original sequence;
(c) Every sequence which is convergent is also a Cauchy
sequence.

III. CANTOR’S AND BAIRE’S TYPE THEOREMS IN QMS

We advance here few basic properties of QMS and estab-
lished some fundamental theorems of functional analysis like
Cantor’s and Baire’s in complete QMS.

Definition 3.1 Suppose (X, p;) is a QMS, r > 0 and
xo € X. Letus define S(zg, r)={z € X : py(zo, z) <
r} and S(zg, ) = {x € X pq(zo, ) < r}. Then
S(xo, ) and S(xo, ) are respectively called an open ball(or
open sphere) and a closed ball(or closed sphere) with center
at zog and having radius r.

Definition 3.2 Consider (X, p,) isa QMS and A C X. The
closure of A is denoted by A and is defined by
A={x:if 3 a sequence {z,} in A such that lim =z, =

n— oo

Proposition 3.1 Let us suppose (X, p,) is a QMS. Then
(a) a sequence {z,, } in X converges to z iff every ball S(z, r)
with center at x contains all the points of the sequence except
perhaps a finite number;

(b)for AC X, z€ Aiff S(x, r)N A# ¢ for each ball
S(x, r) with center at x;
(c) the union of a finite number of closed sets in X is a closed

set;
(d) the intersection of an arbitrary number of closed sets in X
is a closed set.

Remark 3.1 If A is any set in (X, p,) and z ¢ A then
there exists a ball S(z, r) which contains no points of A.

Proposition 3.2 For a set A in (X, p,), A is closed.

Proof. Consider a sequence {r,} in A and lim z, = 2.
Then corresponding to any € > 0, there exists 7711?060 N leads
to
pq(@n,, ) < €. Since x,, € A, there exists y; € A such
that
Po(Tny, 1) < €.

Now Pq(ylv CC) < K(Pq(yla x”l) + pq(xnlv CC)) for some
K> 1

= pq(y1, ) < 2Ke. In the similar manner we can construct
a sequence {y,} in A satisfying

Pa(yn, ©) < 2B Ve N,

= nli_}ngopq(yn, x) = 0.

Soz € A and A is closed.

Remark 3.2 A = A if A is closed.

Definition 3.3 Suppose that (X, p,) is a QMS and
A C X. Then A is open if its complement X — A is closed.

Theorem 3.1 Consider (X, p,) is a QMS and A is a subset
of X. Then A is open iff every x in A, there is a S(x, r) having
center at x so that S(x, r) C A.

Proof. Let A be open. Then X — A is closed ie. X —
A= X—-Aand A = X — X -—-A Let x € A, then
x ¢ X — A. By Remark 3.1, there exists a ball S(z, r)
which contains no points of X — A i.e S(z, r) C A.
Conversely, assume that for every point x € A, there exists
a ball S(z, r) with center at « such that S(x, r) C A. By
Remark 3.1, if € A then z ¢ X — A. Now we claim
that © ¢ X — A. If not, suppose € X — A then there exists
a sequence {z,} in X — A leading to nh_)n@lo Pg(Tn, x) =
0. Therefore for » > 0 and there is a M(r) € N such that
pq(xn, ) <r ¥ mn> M(r), which contradict the fact that
Sz, r)C A.Sox ¢ X — Aandx € X—X — A and hence
AC X—X—-AC ASoA=X-X-A= X-A=
X — A. Which completes the proof of the theorem.

Proposition 3.3 Assume that (X, p,) is a QMS. Then
(a) the intersection of a finite number of open sets in (X, pg)
is an open set;

(b) the union of an arbitrary number of open sets in (X, pg)
is an open set.

Definition 3.4 Suppose that (X, p,) is a QMS and A a
bounded subset of X. Then the diameter of A is denoted by
d (A) and is given by:

5 (A) = Vipgle, y) : = ye A}.

Lemma(RBS) 3.1 Let us consider two sequences {x,,} and
{yn} in a OMS (X, p,) having nh_)rlgc T, = T and nh_}n;o Yn =
y. Then
(1) 1m pg(zn, yn) < K?pg(x, y);

(2) i py(n, ya) > 2552,
K being the index of the quasi-metric py.

Proof(1). Now pg (2, yn) < K(pg(zn, x)+ pg(z, yn))
< Kpg(wn, )+ K?pq(@, y)+Kpq(y, yn):
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= lim py(zn, yo) < lim (Kpy(zs, o) +K2pq(l‘, y) +

n— oo n— oo

K?pq(y, yn));
= T pg(zn, yn) < K?py(w, y).
Proof(2). We know that
Pq(x; y) < K(pg(x, xn) + pg(Tn; y))
< Kpg(@, 20) +K?pg(tn, yn) +K2pg(yn, Y);
= nlggopq(xv y) < nILHQO(qu(x’ xn)+K2pq(a:n, Yn) +

K?pq(yn, y))):
= nlggopq(xnv yn) > %-

Lemma(RBS) 3.2 Let us suppose that (X, p,) is a QMS
with quasi index K and A be a bounded subset of X. Then
A is also bounded and §(A) < KZ2§(A).

Proof. Let z, y € A, then there exists sequences
{z,}, {yn}in A such that ILm z, = = and le Yn = y. By
Lemma 2.1(2), e o
pa(w, y) < K* lim po(zn, yn)
= pylz, y) < K25(A)
= §(A) < K25(A).

Theorem 3.2(Cantor’s intersection theorem) A QMS
(X, pq) is complete iff every nested sequence of non-empty
closed subsets A1 D Ay D As....... D Ap.... of (X, pg) with
5(4,) = 0 as n — oo, be such that N2, A, contains
exactly one point.

Proof. Consider x,, € A, Vn € N, then clearly {x,} is
a sequence in X. Now
Pq(@n, Tnip) < d(An) = 0 as n — oo. This confirms
that {x,,} is a Cauchy sequence. Again by the completeness
property of the space, {x,} converges to a unique limit
x € X. Suppose that T € N, then {z71,} is a sequence in
Ap which converges to z. As Ar is closed, € Arp. There-
forex € A,Vn € Nie. .z €Ny, A, and so the intersection
is nonempty.

If possible let, y € N;2; A,,. Then
pq(@, y) <6(Apn)Vne N
= pglz, y)=0and x =y.

Conversely, suppose that the condition of the theorem is
satisfied. We must now show that (X, p,) is complete. For
this, take any Cauchy sequence {x,} in X.

Consider H, = {Zn, Tnt1, Tni,...... LoIfe >
arbitrary, there is a positive integer /N such that
Pq(@Tn, Tm) < €if m, n > N. Clearly §(H,) — 0 as
n — oo which implies §(H,) < KZ2§(H,) — 0 as
n — co. Again Hy D Hy D Hj....... O H,.... is a nested
family of nonempty and closed sets. By hypothesis, there
exists a unique z satisfying

x €M Hy. So py(zy, ¥) < §(H,) — 0asn — oo leads
to {x, } converges to x. Hence the theorem.

Proposition 3.4 Suppose (X, p,) is a QMS and
Y C X. Then (Y, p,) is complete iff it is closed.

Definition 3.5 Consider a QMS (X, p,) and a subset E of
X. Then FE is said to be non-dense (or nowhere dense) in X
if for every open ball S(x, €) in X there exists an open ball
S(x1, €1) C S(x, €) contains no points of E.

Theorem 3.3(Baire’s Category) Considering that (X, pq)
is a complete OMS, where X # ¢. Then X can not be

0 is

represented by
X = UzozlAk

where Ay’s are nondense in X.

Proof. If possible let
X = UgozlAk

where A}’s are nondense in X.

Since A; is nondense in X, there exists an open ball
S1(x1, €1) which contains no points of A;. Since
Ay is nondense in X, there exists an open ball
So(xa, €) C  Si(x1, %) which contains no points of
As, where K is the index of p,. Similarly there exists an
open ball S3(x3, €3) C S(x2, 7% ) which contains no points
of As. Proceeding similarly we observed

pq(l"n,a anrp) < % (31)

Clearly the Cauchy-ness of {z,} is obvious. Further the
completeness of (X, pg) asserts that there is a z € X
satisfying
lim py(zy, ) =0.
ﬁgx?vo from definition and (3.1), we have
Pq(tn, ) < K(pg(®n, Tnip) + pg(Tnip, )) <
Kpg(Tnip, )

% +
(3.2).

Taking p — oo in (3.2) we get py(2yn, ) < % < €, YV n.
This 2 € S, (z,, €,) Vn € N but does not belongs to any
A,. Again z € X = U2 A, this leads to a contradiction.

Definition 3.6 Let us consider (X, p,) is a QMS. Then p,
is said to be continuous if for any sequences {z,} and {y,}
in this space having lim z,, = z and lim y, = y leads to

n—roo n—oo

lim py(zn,yn) = pe(x,y). In this case, the space (X, p,)
?sﬁkoﬁown as a continuous QMS.

Remark 3.3 Examples 2.1, 2.2 and 2.3 illustrate that
(X, pq) is a continuous QMS.

Proposition 3.5 In a continuous QMS (X, p,), an open
ball is an open set and a closed ball is a closed set.

Proof. Suppose (X, p,) is a continuous QMS and
S(xg, ) = {z € X pq(x0, ) < r} is an open
ball in X. We have to prove S(zo, r) is an open set i.e.
the complement S¢(zg, r) is a closed set. Let {z,} be a
sequence in S°(xg, r) with nl;rrgo z, = x. The theorem
will be proved if we prove © € S¢(xg, r). If not let
x € S(zp, r) then by the continuity of this space we have

lim pg(zn, xo) = pg(z, xo) < 7. Therefore there is a
n—o0

m € N so that p,(z,, z9) < 7 whenever n > m, which
contradicts the fact that {z,,} belongs to S¢(zo, 7).
For the second part we have to prove that S(zg, r) =

{re X pq(xo, ) < r} is a closed set. Considering
{z,} as a sequence S(zo, r) having lim =z, = x. The
n— 00

theorem will be proved if we confirm that z € S(zg, 7). If

not, take z ¢ S(zg, r) which implies lim pq(x,, zo) =
n—oo

pq(x, xo) > r, since the space is continuous. Consequently

there is a m € N having p4(z,, o) > r whenever

n > m, which contradicts the fact that {x,,} is a sequence in

S(zg, T).
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IV. FIXED POINT THEOREMS

Here we introduce the idea of contracting mappings and
prove Banach, Kannan’s and Caristi’s fixed point theorems in
this setting.

Definition 4.1 Let us take a QMS (X, p,) having quasi
index K and an operator 7' : X — X satisfying
pq(Tz, Ty) < & pg(z, y) Va, y€ X, where § € (0, %)

4.1).

Such type of operator will be known as a contracting operator.
Definition 4.2 Consider two QMS (X, p,) and (Y, \;)

and an operator 7' : X — Y. Then T is called continuous

at  in X if for any sequence {z,} of X with z,, = x i.e.

le pq(xn, ) =0 implies T'(z,) — T(z)

ie. lim A\ (T(zn), T(z)) = 0

COIlt?I':l?)OuS at each point of the domain X.

Remark 4.1 Contracting mapping is continuous.

Lemma 4.1 Assume that (X, pg) is a QMS and T :
X — X is a contracting mapping. Then for any
20 € X, m, ={T"(x0)} is a Cauchy sequence.

Proof. Let 29 € X and x; = T(xo). Having defined x;
we define o = T'(z1) = T?%(xo) and in similar manner we
get 2, = T(xp,—1) = T™(xp) and so on.

Suppose m < n, let n = m + p, then
Pg(Tms Tmip) < Kpg(Tms Tmi1) + Kpg(Tms1, Tmip)s

. T is continuous if it is

< K 6™ pqg (0, 1) +
K? Pg(Tmi1, Tm2) + K> Pe(Tm+2; Tmip)s

< K 0"pg(xo, x1) + K? 0"py(wo, @1) +
K3 6m2p, (20, T1) 4 coenne + KP=1 §mtp=2p (20, x1) +

KP=t gmtr=lp (zo, 1);
< K py(xe, x1)[l + K& + (K&)? + (K6)?
—1, since K > 1

< K 0™ pg(z0, ®1) 155, since K6 < 1;
= mlgnOO Pq(Tms Tm4p) =0.
Hence the Cauchy-ness of {z,} = {T™(z0)} is satisfied.
Theorem 4.1(Banach) Consider (X, p,) as a complete
OMS and T : X — X is a contracting mapping. Then fixed
point of T exists and unique.
Proof. Consider zo € X and so far we imitate the method
employed in Lemma 4.1 and get
Ty =T(xp_1) =T"(x9) Vne N.
By Lemma 4.1, the sequence {z,} is Cauchy. As (X, p,) is

complete, there is a  in X so that lim =z, = z.
n— 00

Since T is a contracting, it is continuous and lim T'(x,) =

n—oo

Tzx.
Now Tz = lim T(z,) = hm Tpa1 = T.
Therefore x 1?21 fixed point of ‘the operator 7.

Uniqueness: Suppose that z, y € X are any two fixed
points of T'. From (4.1) we obtain,
pq(x; y) = pg(Tx, Ty) < 0 pg(x, y);
= (1=6)pg(z, y) < 0
= pq(a:, y)= 0.
Therefore x = y.

Theorem 4.2(Kannan) Let us consider (X, pq) as a
complete OMS and T : X — X be a continuous mapping
such that

pq(Tz, Ty) < & [pg(x, Tz) + poly, Ty)] Va, ye X,
where 0 < § < ﬁ Then the operator T has a unique fixed
point.

Proof. Let 0 € X and 21 = T(xp), x2 = T(z1) =
T?(z0), xn =T (xn_1) = T"(x0) and so on. Then
pq(x1, @2) = pg(T(x0), T(z1)) < & [pg(zo, T(20)) +
pq(x1, T(z1))]

=0 [pg(wg, T(x0)) + pg(z1, 2)]
= pglz1, x2) < %pq(‘r07 ry).
Similarly we can show that
Pq(z2, 23) < (155)%pg(T0, 1),
Pq(va 74) < (%)gpq(xm r1),

Pq(xna xn-i-l) < (1 5) pq(l‘o, 71).
By (QM3), there exists K > 1 such that

Pq(xm xn-%p) < K{Pq(zna Tpi1) +6pq(xn+lv $n+p)}
< K(3%)"pg(wo, 1) + K*(3%5)" " pg(wo, 1) +
K3(1L_6)”+2pq(xo, 1)+ e

...... + Kp_l(1‘%5)"'*'13_2@1(3307 x1) +
KP= (25" py (o, 1)
< Kr”pq(xo, 1)1+ Kr+(Kr)?+......... +(Kr)P~1], where

r=

1- 5’
— n 1-(Kr)P,
= Kr"py(wo, @1) 55—

< Kr™pg(xo, 331)1 —=

Now 0 < 0 < 1+K implies Kr € (0, 1) and
nh_)m Pq(Tn; Tnip) =

So that the sequence {x,} is Cauchy sequence.

As (X, pg) is complete, therefore there exists x € X so that
lim =z, ==.

n—oo

By the continuity of 7' we have lim T'(z,) = Tz.

Now Tz = lim T(z,)= lim "foil =z
n—oo n—o0
Therefore x is a fixed point of 7.

Uniqueness: For uniqueness consider any two distinct fixed
points z, y € X of T. Then
pq(x, y) = pq(Tx, Ty) < blpg(x, Tx)+ pyly, Ty)] =0
= r=y.

Theorem 4.3(Caristi) Ler us suppose that (X, pg) is a
complete strong OMS and T : X — X be a continuous
mapping. Assuming that there is a mapping P : X — (0, 00)
satisfying

pe(x, Tx) < P(x)—P(Tz) Vze X,

then there exists fixed point of T in X.

Proof. Take any point 9 € X and z7 = T(xg), x2 =
T(z1) = T?*(20), eeeene- , X = T(xp—1) = T™(xp) and so
on. For any positive integer v we have
Pq(@v; Toy1) = pg(@y, Tay) < P(xy) — P(T'xy)
= pg(Tv, Tos1) < P(xy) = P(@v41)

= z_: Pq(Tw, Tys1) < z_:[P(xv) — P(zy41)]
v=0 v=
— P(ao) - P(a,)

So, the series Z Pq(Zv, Ty41) is convergent. If n, m(=

=0
n+p € N t};en, by (QM4), there exists K > 1 such that
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m—1

pq(l‘n, xm) < K Z pq(xvv xv-&-l)'

V=N
o0

Since the series E Pq(Zv, Ty41) is convergent, for any

v=0
positive e there is a natural number ng leads to
m—1

€
Z Pq(Ty, Tys1) < o whenever m > n > ng
v=n

= pg(xn, Tm) < € whenever m > n > ny.

Hence {z,} is a Cauchy sequence. Again the completeness
of the space (X, p,) asserts that there is a z € X such that
lim =z, ==x.

n—oo

As T is continuous, lim T(z,)=Tz.
n—oo

Now Tz = lim T(x,)= lim x,.1 ==.
n— oo n— oo
This completes the proof.

CONCLUSIONS

Metric and norm structure have a great role in the de-
velopment of functional analysis. A thousands of research
work have been done in metric and norm spaces. The con-
cept of fuzzy metric space and fuzzy normed linear space
generalize these structure in a some extent. These are also
not a very recent subject. But, except a few work, there are
no remarkable one in quasi-metric spaces. Knowing this, we
think that there may be some possibility of successful research
in this space. The concepts of Cauchy sequence, Convergent
sequence, Open set, Closed set etc. are introduced here. We
established some basic theorems like Cantor’s intersection the-
orem and Baire’s category theorem in complete QMS. Using
the concept of contracting mapping we prove some fixed point
theorems in complete QMS and uniqueness of this theorems
are studied. Hope there is a scope to develop functional
analysis with this structure in a large extent.
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