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Finite Dimensional Fuzzy Cone Normed Linear
Spaces

T. Bag*

Abstract—In this paper, an idea of fuzzy cone normed linear
space is introduced. Some basic definitions viz. convergence of
sequence, Cauchy sequence, closedness, completeness etc are
given. One lemma is established and with the help of this lemma
some results on finite dimensional fuzzy cone normed linear
spaces are established.

Index Terms—Fuzzy real number, Fuzzy cone metric, Fuzzy
Cone normed linear space.
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I. INTRODUCTION

The idea of fuzzy set theory was introduced by L.A.Zadeh
[15] in 1965 and fuzzy logic has become an important area
of research in various branches of mathematics such as metric
and topological spaces, automata theory, optimization, control
theory etc. Fuzzy set theory also found applications for mod-
eling, uncertainty and vagueness in various fields of science
and engineering.

Fuzzy functional analysis is a recent development and it is
based on fuzzy metric space theory and fuzzy normed linear
space theory. Many authors have made important contributions
[1], [5], [7], [10] in fuzzy functional analysis.

On the other hand, a number of generalizations of metric
spaces as well as normed linear spaces have been done.
In metric space theory, one is D-metric space initiated by
Dhage [4] in 1992 and its corresponding generalize form
in fuzzy setting developed by Sedghi et al. [13], [14], Bag
[2]. Recently the idea of cone metric space is relatively new
which is introduced by H.Long-Guang et al. [8] and it is
a generalization of classical metric space. Its corresponding
generalize form in fuzzy setting called fuzzy cone metric space
is introduced by Bag [3].

The idea of cone normed linear space which is a gener-
alization of classical normed linear space is established by
T.K.Samanta et al.[12]. In such space, authors have considered
a real Banach space as the range set of the cone norm.

In this paper, idea of fuzzy cone normed linear space is
introduced and some basic definitions are given.

Here the range of fuzzy cone norm is considered as E*(I)
where E is a given real Banach space and E*(I) denotes the
set of all non-negative fuzzy real numbers defined on E.

It is shown that fuzzy cone normed linear space is a
generalization of Felbin’s [5] type fuzzy normed linear space
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(when L = min and U = max). Finally some results in finite
dimensional fuzzy cone normed linear space are established.

The organization of the paper is as follows: Section II
comprises some preliminary results which are used in this
paper. Definition of fuzzy cone normed linear space and
some basic properties are discussed in Section III. In Section
IV, some results in finite dimensional fuzzy cone normed linear
space are established.

II. SOME PRELIMINARY RESULTS.

A fuzzy number is a mapping z : R — [0, 1] over the
set R of all reals.

A fuzzy number z is convex if z(t) > min(z(s),z(r))
where s <t <r.

The «a-level set of a fuzzy real number 7 is denoted by [1],
and defined by [n], = {t € R: n(t) > a}.

If there exists a ¢ty € R such that z(ty) = 1, then x is
called normal. For 0 < a < 1, a-level set of an upper
semi continuous convex normal fuzzy number ( denoted by
[Ma) is a closed interval [a, , bs], Where a, = —oo and
b, = —oo are admissible. When a, = —oo, for instance,
then [a, , b,] means the interval (—oo , b,]. Similar is the
case when b, = +o00.

A fuzzy number z is called non-negative if
xz(t) =0,vt <0

Kaleva (Felbin) denoted the set of all convex, normal, upper
semicontinuous fuzzy real numbers by E(R(I)) and the set of
all non-negative, convex, normal, upper semicontinuous fuzzy
real numbers by G(R*(I)).

A partial ordering ” <” in E is defined by < ¢ if and
only if al < a? and bl < b2 forall @ € (0, 1] where
e = [al , bl] and [§], = [a? , b2]. The strict inequality
in E is defined by 1 < d if and only if al, < a2 and b, < b?
for each @ € (0, 1].

According to Mizumoto and Tanaka [10] , the arithmetic
operations &, & ,® on E x E are defined by

(zoy)(t) = Sugmln{x( y(t—s)}, teR
(zoy)(t) = supmln{m( Y,y(s—t)}, t€ER
)=

(zoy)(t sup min {z(s) , y({)}, teR
sSER,s

Propositon 2.1[10]. Ler n , 6 € E(R(I)) and
[77]& = [aé7 bé]’ [é]a = [ai ) biL a € (07 1]‘
Then

N & 6o = [al +a2 , bl + b2]

0 S dla = [al b2, bl — a2

n © dla = lala . bLb)
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Definition 2.1[7]. A sequence {7,} in E is said to be

convergent and converges to 7 denoted by lim n, = n if
n—oo

= [z, b7

[e2nge)

nh_}rréc aly = a, and nh_}n;o b = b, where [n,]a
and [0 = [@a, ba] Yo € (0,1].
Note 2.1[7]. If n, 6 € G(R*(I)) then n® § € G(R*(1)).
Note 2.2[7]. For any scalar t, the fuzzy real number t7 is
defined as tn(s) = 0 if t=0 otherwise tn(s) = (7).
Definition of fuzzy norm on a linear space as introduced by
C. Felbin is given below:
Definition 2.2[5]. Let X be a vector space over R.
Let || || : X — R*(I) and let the mappings
L,U :[0, 1]x[0, 1] = [0, 1] be symmetric, nondecreasing
in both arguments and satisfy
L0, 0= 0andU(1, 1)= 1.

Write
llalla = [lzllt , [[2ll2] for 2 € X, 0 < a < 1 and
suppose for all x € X, x # 0, there exists ag € (0, 1]
independent of x such that for all « < «y,

@) [lo]2 < o

(B) inf||z||} > 0.

The quadruple (X , || ||, L, U) is called a fuzzy normed
linear space and || || is a fuzzy norm if

@ ||z|]] = Oifand only if x = 0

Gllrall = [rlllzll, v € X, r € R

(iii) for all z,y € X,

(a) whenever s < ||z||}, t <|Jy||i and s+t < |z +yl},
lz+yll(s+¢) = L([lzl|(s) , [lyll(t)),

(b) whenever s > ||z|[i, t > ||y||} and s+t > ||z +y||},
lz+ylls+1) < U(lall(s) ; [lyll®))

Remark 2.1[5]. Felbin proved that,
if L = A(Min) and U = \/(Max) then the triangle inequality
(iii) in the Definition 1.1 is equivalent to

lz +yll ==l Dllyll-

Further || ||%,; ¢ = 1,2 are crisp norms on X for each o €
(0, 1].

Definition 2.3[8]. Let E be a real Banach space and P be a
subset of E. P is called a cone if

(i) P is closed, nonempty and P # {0};

(i) a,b € R, a,b> 0,2,y € P=ax+by € P.

(iii)r€ePand —2 € P=2=0.

Given a cone P C E, we define a partial ordering < with
respect to P by z < y iff y — 2 € P. On the other hand z < y
indicates that x < y but  # y while x << y will stand for
y — x €IntP where IntP denotes the interior of P.

The cone P is called normal if there is a number K > 0
such that for all z,y € F,
with 0 < z <y implies ||z|| < K||y|]-

The least positive number satisfying above is called the normal
constant of P.

The cone P is called regular if every increasing sequence which
is bounded from above is convergent. That is if {z,} is a
sequence such that 7 < x9 < <z, < .. <y for
some y € E, then there is « € E such that ||z, — z|| — 0 as
n — oQ.

Equivalently, the cone P is regular if every decreasing sequence
which is bounded below is convergent. It is clear that a regular
cone is a normal cone.

In the following we always assume that E is a real Banach
space, P is a cone in E with IntP # ¢ and < is a partial
ordering with respect to P.

Definition 2.4[12]. Let V be a vector space over the field
R. The mapping || || : V — FE is said to be a cone norm if
it satisfies the following conditions:

@ ||zl > 0 Vz € V;

(i) ||z||c = 0 iff © = Oy;

(iii) ||ax||. = |a||z||c Vz € V, « € R;

) [lz+ylle < ||lz|lc+|lyllc Yo,y € V. Then || ||, is called
a cone norm on V and (V' , || ||¢) is called a cone normed
linear space.

Definition 2.5[3]. Let (E, || ||) be a fuzzy real Banach space
where || || : E — R*(I).

Denote the range of || || by E*(I). Thus E*(I) C R*().

Definition 2.6[3]. A member n € E*(I) is said to be an
interior point if 3 > 0 such that
S(n,r)y={6€ E*(I) :nod <7} C E*(I).

Set of all interior points of E*(I) is called interior of E*(I).

Definition 2.7[3]. A subset of F of E*(I) is said to be fuzzy
closed if for any sequence {7, } in F such that lim 7, =7
implies n € F. e

Definition 2.8[3]. A subset P of E*(I) is called a fuzzy
cone if

(i) P is fuzzy closed, nonempty and P # {0};

(i) a,beR, a,b>0, n,0 € P=an®bd € P.

Given a fuzzy cone P C E*(I), define a partial ordering <
with respect to P by n < § iff § ©n € P and n < § indicates
that 7 < § but n # § while n << § will stand for § ©n €IntP
where IntP denotes the interior of P.

The fuzzy cone P is called normal if there is a number
K > 0 such that for all n,§ € E*(I),
with 0 < 7 < ¢ implies n < K§. The least positive number
satisfying above is called the normal constant of P.

The fuzzy cone P is called regular if every increasing sequence
which is bounded from above is convergent. That is if {n,}
is a sequence such that n; <7 < ........ <y L ... < q for
some 7 € E*(I), then there is § € E*(I) such that n,, — ¢
as n — oo.

Equivalently, the fuzzy cone P is regular if every decreasing
sequence which is bounded below is convergent. It is clear
that a regular fuzzy cone is a normal fuzzy cone.

III. Fuzzy CONE NORMED LINEAR SPACES

In this section an idea of fuzzy cone normed linear space
is introduced and prove some properties. In the following we
always assume that E is a real Banach space, P is a fuzzy cone
in E with IntP # ¢ and < is a partial ordering with respect to
P.

Definition 3.1. Let V be a vector space over the field R.
The mapping || ||p : V — E*(I) is said to be a fuzzy cone
norm if it satisfies the following conditions:

(CND) ||z||lp = 0 Vz € V;

(CN2) |[z]|p = 0 iff = = Oy3;

(CN3) [laz||p = |all[z]lp Ve €V, a € R;
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N4 ||z +yllp < llallp @ llyllp Yo,y € V. Then || ||p
is called a cone norm on V and (V , || ||p) is called a cone
normed linear space.

Note 3.1. Fuzzy cone normed linear space is a generalized
fuzzy normed linear space.
For, choose £ = R and P = {n € E*(I) : n = 0} and
partial ordering < as =< then (X || ||) is a Felbin’s type fuzzy
normed linear space when L= min and U=Max.

Example 3.1 Let (E,|| ||') be a Banach space. Define

IIl]: E— R*(I) by
if ¢ > ||z]|’

1
leli={ g if1 2 [l

Then [||z][]o = [lzl]", |lz|IT Ver€ (0,1].

It is easy to verify that,

() [[z]| = 0 iff z = 0 Gi) |lrz|| = |rll]=]| Gi) [lz +yl] =
[|z[| @ [lyll-

Thus (E, || ||) is a fuzzy normed linear space. Let {z,,} be a
Cauchy sequence in (E, || ||)

SO, limm,n—>oo ||$n - Im” =0.

= limy, posoo ||Zn —Tm|| = 0 = {x,} be a Cauchy sequence
in (B, [I').

Since (E,|| |/') is complete, 3z € E such that
limy, oo |20 — || = 0.

ie. lim, o0 [|2n — z|| = 0.

Thus (E, || ||) is a real fuzzy Banach space.

Define P = {n € E*(I) :n = 0}.

(1) P is fuzzy closed.

For, consider a sequence {d,, } in P such that lim,,_, - d, — 0.
ie. lim,_, 8}, = 4} and lim,_, 67 , = &2 where [5,]o =
[571L,o¢ ) 5%,04] and [6]0¢ = [6é ) 654] Va € (Ov 1]

Now 6,, = 0 Vn.

So, 6}, >0and 62 , >0 Vo e (0,1].

= limy,, 6, ,, > 0 and lim,,_, 67 , >0 Ve € (0,1]

=L >0and §2 >0 Va € (0,1]

=6~ 0.

So § € P. Hence P is fuzzy closed.

(ii) It is obvious that, a,b € R, a,b > 0n,§ € P = an®bd €
P.

Thus P is a fuzzy cone in E.

Now choose the ordering < as < and define || ||p : E —
E*(1) by |lallp = |lal|

Then it is easy to verify that || ||p satisfies the conditions
(CN1) to (CN4). Hence (E , || ||p) is a fuzzy cone normed
linear space.

Definition 3.2. Let (V|| || p) be a fuzzy cone normed linear
space. Let{z,} be a sequence in V and = € V. If for every
¢ € E with 0 << ||c|| there is a positive integer N such that
for all n > N, ||z, — z||p << ||¢||, then {z,} is said to
be convergent and converges to x and x is called the limit of
{z,}. We denote it by lim z, = z.

Lemma 3.1. Let (VILTOC“ llp) be a fuzzy cone normed
linear space space and P be a normal fuzzy cone with normal
constant K. Let{x,,} be a sequence in V. Then {x,} converges
to z iff ||xn — x||p — 0 as n — cc.

Proof. First we suppose that {x,,} converges to z. For every
real number € > 0, choose ¢ € F with 0 << [|c|| and K]||¢|| <
E.

Then 3 a natural number N, such that Vn > N, ||z, —z||p <<
el
So that when n > N,
normal ).
ie. ||x, — z||p, < eand ||z, — |}, <eVn> N, Va e
(0,1].
ie. lim ||z, —|/p, =0and lim ||z, — 2|5, =0 Ya €
(0 177]—>oo ’ n—00 ’

1],

ie. lim ||z, —z||p = 0.
n—oo

llzn, — z||p < K]||c|| < € ( since P is

Conversely, suppose that lim ||z, — z||p = 0.
n— o0

For, ¢ € E with 0 << [|c|| , there is > 0 such that ||z|| < 6.
This implies that ||c|| © ||z|| € IntP.

For this § there is a positive integer N such that Vn >
N, ||z, —z||p < 0.

Let ||z, — z||p = [|lyn|| Where y, € E for each n. So
lynl| <6 Yn>N.

ie. |[c]|©[|lyn]| € IntP ¥n > N

= [lynll <<|lel| Yn >N

= ||z, — z||lp <<|l¢|| ¥n >N

= T, — T as n — oo.

Lemma 3.2. Let (V , || ||p) be a fuzzy cone normed linear
space and P be a normal fuzzy cone with normal constant K.
Let{x,} be a sequence in V. If {x,} is convergent then its
limit is unique.

Proof. If possible suppose that lim, .., z, = z and
lim,, so0 5, = y. Thus for any ¢ € E with 0 << ||c||, there
exists a natural number N such that Vn > N, ||z, — z||p <<
e[| and ||yn — yl[p <<|lc]|-

We have ||z — yl[p < ||z — 2nllp @ |lzn — yllp < 2]l
Hence ||z — y||p =< 2K||c[]-
Since c is arbitrary, we have ||z —y||p = 0. ie. x =y.

Definition 3.3. Let (V' , || ||p) be a fuzzy cone normed
linear space and {z,} be a sequence in V. If for any c € E
with 0 << ||c||, there exists a natural number N such that
VYm,n > N, ||z, — zm||lp << |||, then {z,} is called a
Cauchy sequence in V.

Definition 3.4. Let (V , || ||p) be a fuzzy cone normed
linear space. If every Cauchy sequence is convergent in V,
then V is called a complete fuzzy cone normed linear space.

Lemma 3.3. Ler (V , || ||p) be a fuzzy cone normed linear
space and {x,} be a sequence in V. If {x,} is convergent
then it is a Cauchy sequence.

Proof. Let {z,} converges to z. So for any ¢ € F
with 0 << ||c|| there exists a natural number N such that
Vm,n > N, ||z, —z||p << [|5]| and ||z, — z|[p << ||5]].
Hence ||xn - -TWLHP < ||xn - JZHP 52 ||Z‘ - 'r’H'LHP <<
llel| Vm,n > N.

Thus {x,} is a Cauchy sequence.

IV. FINITE DIMENSIONAL Fuzzy CONE NORMED LINEAR
SPACES

In this section some results on finite dimensional fuzzy cone
normed linear spaces are established.

Lemma 4.1. Let {z1, 2, ....... , Tn} be a linearly in-
dependent set of vectors in a fuzzy cone (P) normed linear
space (X , || ||p) with normal constant K. Then there
exists a member ¢ € IntP such that for every set of scalars
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ay a9 ... ,Qp, we have

n
lorz1 + agag + oo +ananllp =Y loillle] (1).
=1

Proof. Let s = |aq| + |az| + ....... + |ap|. If s = 0 then
each «;’s is zero and hence (1) is true.
So we assume that s > 0. Then (1) becomes
[|B1z1 + ngg + o + Buzalle = |l (2) where

Bi = and2|ﬁl| =1

Thus it is sufﬁc1ent to prove that there exists an element c €
IntP such that (2) holds for any set of scalars 51, S2, ........ On

with Z|B’| =1

If p0551ble suppose that this is not true. Then there exists a
sequence {y,} in X where

B(m T —|—B(m) ......... —l—ﬁﬁ[’”xn with Z |5Z(m)| =

i=1
1L, m=1,2,..
such that ||y,.||p — 0 as m — oco.

n

Since Z ‘51‘(m)| =1lform=1,2,.... we have

1B <1fori=1,2,....,nandm=12, ...

Hence for a fixed ¢ = 1,2,.....,n the sequence ﬂi(m) is
bounded. Therefore by Bolzano-Weierstrass theorem {B%m)}
has a subsequence converging to 51 (say) and suppose {y1.,}
denotes the corresponding subsequence of {y,, }. By the same
argument the sequence {y;,,} has a subsequence {ya.,}
(say) for which the corresponding subsequence of real scalars
{ Bém)} converges to (2 ( say ). Continuing this procress, after
n-step, we obtain a sequence {Yn m} Of {ym} of the form

n n

=6 with > 6™
j i=1
— B; asm — oo and for each i = 1,2, ....,

sz\ =1
i=1
Since Z\BA =

=1m=12,....

where 57@) n. So

1, thus not all f3’s are zero. Since

{z1, T2, «ouoee. , T} is a linearly independent set of vectors,
so y # 0.
We have |\5 = Biillp = 101" = Billlwil| -
So lim [|6{™ ﬁixin =0x (6™ = B;).
m— 00
Thus 5§m)xi — Bixz; asm — oo foreachi =1, 2,....... ,n.

For every e > 0, choose ¢ € E with 0 << |[|c|| and
K]llc|| < € Then for each ¢, 3 a natural number NN; such
that ||6"™ z; — Bixsl|lp << |lc]| ¥m > N; and for each
t=1, 2,....... M.

Let N = 1max N;.

Then |6 z; — Bizsllp << |lell ¥m > N and for each
i=1, 2,....... ,n.
= ||5§m)x — Bizillp < |le]| ¥m > N and for each
1=1, 2,....... , M.
Let |\5(m) — Bizillp = Hz || where z ) € E for each

1=1, 2,...... ,N.

From above we have, ||2™
i=1, 2,....... ;N
= |1z = K|lcJ| < € ¥m > N and for each i =

|| <|le|] ¥m > N and for each

—yllp =0k.

= hm Ynm =Y

Now [[gr.mnlp = v — ¥+ 9llp < llynm — ullp & Iyl -
Since ||yn,m — yllp @ |lyllp € E*(I) we may choose
ynm —yllp & [lyllp = [l2} ;|| where 2}, . € E.

Thus [|zp,m|| < HZ’;LTTLH where ||2n,m|| = [|[YnmllP; 2nm €

= lim {[ynm

= |lznmll = Kz ml|
= |lznmlla <
K||z),mlla Vo€ (0, 1]
= nmllba < Klllgnm = vllba + llyllba} and
1yl Ba < EAllynm =9l o+ yl3a} Vo€ (0,1]

and ||Zn,m‘|i <

K|z,

= ynmllbe — Kllyllb, < K{\Qlyn,m yllp, and

[ 1] SK{IIynl,m—yllp,a VaG(O,y

= lim_ 1nmllba = [|Kyllbe and Hm [y, |3, =
m—r m— o0

Ky} Vo€ (0.1

= [ynmllp = [yl as m — oo.

Since ||ym||p — 0 as m — oo, it follows that ||y, m|lp — 0
as m — oo.

So |[|Ky||lp = 0. i.e. y = 0 which is a contradiction.

Hence the lemma is proved.

Theorem 4.1. Every finite dimensional fuzzy cone normed
linear space with normal constant K is complete.

Proof. Let (X , || ||p) be a fuzzy cone normed linear space
with normal constant K. Let {z,,} be a Cauchy sequence in
X.

Let dim X=m and {e1, e3, ...... ,€m} be a basis for X. Then

each z,, has a unique representation as

Tn = ﬂln) + Bén)eg + + ﬂ,(ff)em where

gn), én) S eeeeeinns , 67(7?) are scalars for eachn =1,2,.......

Since {x,} is a Cauchy sequence, for every e € E with

lle|| >> 0 there exists a positive integer N such that

llzn — k]| <<|le|| Vn,k > N.

Now from Lemma 4.1, it follows that 3¢ € IntE with ||¢|| = 0
m

such that [[e]| >> [z, —a|| > [lel] Y 18" = Blk)| Vn, k >

i=1

N.

= |lel] Z 18—
= |lel] Z 18—
= chazw -

i=1

Bik)| > K]fe|l2 vn,k <N Vae (0, 1]
= le||A8™ = Bik)| < Kllel[} and [lc]2]8™ — 8k)| =
Klle||? Vn,k <N Vae (0, 1], foreach i = 1,2, .....
Since e € E is arbitrary, from above it follows that each of
the m sequences {61(")} is Cauchy in R. Since R is complete,
thus each {BZ(" } converges and denote by §; are their limits
foreach i =1,2,....,m.

Bk < |le]| Vn,k > N.
B'k)| < K|le|| Vn,k > N.

Bik) < Kllel} and (|2 |8 ~

i=1
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We define x = Sie1 + Paea+........ 4+ Bmeéem- Clearly z € X.
We have,

ey — ||p = ||Z (B —

185 = Ballleallp ® e ® 185 — Bl
Since |ﬁi(n) —Bil = 0 asn — oo foreach i = 1,2, ....
get ||z, — z||p — 0 as n — oo.

Thus the Cauchy sequence {x,} converges to x € X. Since
{z,} is arbitrary it follows that X is complete.

Definition 4.1. Let (X , || ||p) be a fuzzy cone normed
linear space.

(i) Let c € E with 0 << ||¢|| and b € X.
Define B.(b) ={x € X : |jlz = b||p << |||}

(ii) A subset B of X is said to be closed if any sequence
{z,} in B converges to some point z € B.

(iii) A subset F of X is said to be the closure of B if for any
x € F, there exists a sequence {x,} in B such that z,, — =
as m — oo with respect to the cone norm || ||p.

(iv) A subset C of X is said to be bounded if C' C B.(b)
for some b € X and ¢ € E with 0 << ||¢]|.

(v) A subset F of X is said to be compact if for any sequence
{z,} in F, there exists a subsequence of {x,,} which converges
to some point in F.

Theorem 4.2. In a finite dimensional fuzzy cone normed
linear space with normal constant K, a subset M of X is
compact if and only if M is closed and bounded.

Proof. Let M be a compact subset of X. Then from
definition it is easy to verify that M is closed.

Next we show that M is bounded. If possible suppose that M
is not bounded. Let xy be a fixed element in X. Then there
exists a point 1 € M such that ||z1 — zo||p > ||c|| for some
¢ € E with ||c|| >> 0.

By the same reason there exists a point xo € M such that
25— ollp > [lor — woll @ |lell-

Continuing this process we obtain a sequence x1, T2,
of the set M such that

Bleillp < 18 — Billlellr ®

,m we

l|zn —xollp > |l21 — zol|Pp ® ||T2 — Z0||lP D ... ®||Tn—1—
zo||p & [|c]].

ie. |lon—zollp > |l2m — wollp & lel| Vm <n.

ie. ||zn—xollp © lzm—xollp > |lc]] VM < 1 (7)
Now [|zn — 2ollp < |[2n — Zml[p @ [|2m — 2ol|p

ie ||zn — zollp © llzm — zollp < ||zn — || peveeeenn (43).
From (i) and (ii) we have, ||c|| < ||zn — zm|lp Ym <
Moo (id).

From (iii), it follows that, neither the sequence nor any

subsequence of {x,} can converge. This contradicts the fact
that M is compact. Hence M is bounded.

Conversely suppose that M is closed and bounded and we
have to show that M is compact.

Let dim X =n. Let {e1, €2, ....... , en} be a basis for X.
Chose {x,,} in M. Since M is bounded, there exists p € E
such that x,,, € B,(b) for some b € X and Vm.

ie. [|zm — bllp << |lp|| Ym.

Now [[zm|lp = [|2m — b+ bl|lp < |[zm —bllp & [[b]|p <<
llpl| & [[bl|p Vm.

ie [|lzml|lp << UPH@HbHP vm.

Let z,,, = By "e1 + ﬂQm)eg Foe, + ﬁ,(lm)en where

Bim), Bém) e . B are scalars for each m=1,2,.......
Thus by Lemma 4.1, 3¢ € IntP such that

Ipll @ [Ibllp >> 1y s
j=1

||c|||2|ﬁ§”“|.

ie. ||pl| @ [|b]|p > ||c|||Z|B (m)........ @)

Let ||b||p = ||V|] for some b € E.

l|[Tmllp = "eillp >

n
So from above we get |[|p|| @ [[b']] > [|c]|| S 8™

j=1
lel\cl\ZIB
ie I\CIPZ\B(’”’I <

||c||32|ﬁim)| < K(llpll3 + [[]13) Yae (0, 1].

j=1
From above two relations it follows that each sequence

{ﬁ ™) } (4 = 1,2,...,n) is bounded. By Bolzano-Weiestrass
theorem it follows that each of the sequence {ﬂ(m)}

K(llpll & [1']])

K(lplla + [Ib'[la) and

has a convergent subsequence say {3; m"} for each

J=1,2, ..
Let 2, = B ey + 8™ ey + oo, + B{™)e,, where
Bim’“), ﬁém’“) e , ,Bim ) are convergent sequences of
scalars

Let B = hm ﬁ( for ;5 = 1,2,...,n. and

x _51614'/52624- ----- H"’Bnen-
Now ||z, —zllp = || (8" = B))es|lp < ZW”

j=1
Billlejllp-
Since |ﬂ§mk) — Bj] = 0 as k — oo, from the proof of the
Lemma 4.1, it follows that khl& l|Zm, —z|lp = 0.

{zm,} is a convergent subsequence of {z,} and
converges to x. Since M is closed, it follows that = € M.
Thus every sequence in M has a convergent subsequence and
converges to an element of M. Hence M is compact.

CONCLUSION

In this paper, an idea of fuzzy cone normed linear space is
introduced which is a generalization of fuzzy normed linear
space. In fuzzy cone normed linear space, range of fuzzy cone
norm is considered as ordering fuzzy real numbers defined on
a real fuzzy Banach space. It is seen that Felbin’s type ( max,
min ) fuzzy normed linear space is a particular case of fuzzy
cone normed linear space. I think that there is a large scope
of developing more results of fuzzy functional analysis in this
context.
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